On Permutation Polynomials  by Wang, Luyan
Finite Fields and Their Applications 8, 311}322 (2002)
doi.10.1006/!ta.2001.0342On Permutation Polynomials
Luyan Wang
Department of Mathematics, University of Pittsburgh, Pittsburgh, Pennsylvania 15260
Communicated by Rudolf Lidl
Received June 27, 2000; revised September 11, 2000; published online January 30, 2002Let p be a prime, m be a positive integer, and F

"GF (p) be the Galois
"eld of q"p elements. A polynomial f (x) in F

[x] is said to be a permuta-
tion polynomial, if it is a polynomial function of F

onto F

.
In [1], the open problem P2 states: Find new classes of permutation
polynomials of F

. Here we use the Hermite's criterion to present two families
of permutation polynomials of F

.
On p. 349 in [2], Hermite's criterion states that f3F

[x] is a permutation
polynomial of F

if and only if the following conditions hold:
(1) f has exactly one root in F

, and
(2) for each integer t with 0(t(q!1 and tO0 (mod p) the reduction
of
[ f (x)] (mod x!x)
has degree(q!1.
THEOREM 1. ¸et 3  (q!1) and
f (x)"x(x#1)3F

[x],
where u and v are positive integers and the greatest common divisor of v and
q!1 is 

, i.e., (v, q!1)"

. ¹hen f (x) is a permutation polynomial if and
only if (u, 

)"1, uOv (mod3), and 2"1 in F

.
In order to prove Theorem 1, we need the following lemma, which is
Theorem 1.2 in [2].311
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312 LUYAN WANGLEMMA 1. If f (x)"x (x#a) is a permutation polynomial in F

[x], then
(u, v, q!1)"1.
Proof. Let (u, v, q!1)"d. Then f (x)"g(x) where g (x)"x (x#a).
x is a permutation polynomial. Since d q!1, d must be 1. 
LEMMA 2. If d is odd, d q!1, 2,1 (mod p), and (v, q!1), 

, then
f (x)"x(x#1)"0 has only one root, namely, 0.
Proof. Since 2,1 (modp), p is odd. If there is another root y3F

.
Then y#1"0. Since (v, q!1)"

, q!1 vd. Thus, 1"y"(!1)"
!1 which is a contradiction. 
LEMMA 3. ¸et (v, q!1)"d (u, d)"1 and d - t. ¹hen (x(x#a))
(modx!x) has degree(q!1.
Proof. Let k be the degree of any terms in the expansion of
(x(x#a))"x(x#a). Then k,ut (mod d). Since (u, d)"1 and
d - t, d - k and (q!1) - k. Thus,
(x(x#a)) (modx!x)
has no x time; i.e., (x(x#a)) (modx!x) has degree(q!1. 
Let n, k be a positive integer, b be an integer, and b (modk),c. Denote
M(n, k, b)"	

	


n
ki#c .
Then a,b (mod k) implies M(n, k, a)"M(n, k, b).
We know that

n#1
i "
n
i!1#
n
i ,
and
M(n#1, k, i)"M (n, k, i!1)#M (n, k, i). (1)
LEMMA 4. If 2n#cO0 (mod3), then M(2n, 3, c)"(2!1)/3. If
2n#c,0 (mod3), then M(2n, 3, c)"(2#2)/3.
ON PERMUTATION POLYNOMIALS 313Proof. By using mathematics induction and (1), we have
M(6n, 3, 0)"2#2
3
, M(6n, 3, 1)"2!1
3
, M(6n, 3, 2)"2!1
3
,
M(6n#1, 3, 0)"2#1
3
, M(6n#1, 3, 1)"2#1
3
,
M(6n#1, 3, 2)"2!2
3
, M(6n#2, 3, 0)"2!1
3
,
M(6n#2, 3, 1)"2#2
3
, M(6n#2, 3, 2)"2!1
3
,
M(6n#3, 3, 0)"2!2
3
, M(6n#3, 3, 1)"2#1
3
,
M(6n#3, 3, 2)"2#1
3
, M(6n#4, 3, 0)"2!1
3
,
M(6n#4, 3, 1)"2!1
3
, M(6n#4, 3, 2)"2#2
3
,
M(6n#5, 3, 0)"2#1
3
, M(6n#5, 3, 1)"2!2
3
,
M(6n#5, 3, 2)"2#1
3
. 
The Proof of Theorem 1
Proof. Since (v, q!1)"

, v"v

(

) for some positive integer
v

, 3 - v

, and v

,1 (mod 3). Thus,
u
q!1
3
!v

vu"u q!1
3
!v

uv

q!1
3
"q!1
3
(u!v

u)
,q!1
3
(u!u)"0 (mod3),
also, u 

!2v

uv,0 (mod3). Thus, we have
( f (x))  (modx!x)"M 
q!1
3
, 3,!v

ux#2 (2)
( f (x)) (mod x!x)"M 
2(q!1)
3
, 3,!2v

ux#2. (3)
314 LUYAN WANGWe also have
v!u,v

q!1
3
!v

u"v
 
q!1
3
!v

u (mod3). (4)
Suppose that f (x) is a permutation polynomial.
By Lemma 1, (u, 

)"(u, v, q!1)"1.
By Hermite's criterion ( f (x)) (modx!x) has degree(q!1. By (2),
M 
q!1
3
, 3!v

u"0.
We know that 0"f (0)Of (1)"2. Hence, q is odd. (2)"2"1.
Since, q,1 (mod3), 2O!2. By Lemma 4, 2"1,


!v

uO0 (mod3). By (4), uOv (mod3).
Conversely, suppose that (u, 

)"1, uOv (mod 3) and 2"1.
By Lemma 2, 0 is the only root of f (x).
Since (u, 

)"1, by Lemma 3, ( f (x)) (modx!x) has degree(q!1
for all 

- t.
Since uOv (mod 3) and (4), 

!v

uO0 (mod3), 2 

!2v

uO0
(mod3). By Lemma 4
M 
q!1
3
, 3!v

u"
2!1
3
, M2
q!1
3
, 3,!2v

u"
2!1
3
.
Since 2"1,M (

, 3,!v

u)"M(2

, 3,!2v

u)"0.
By (2), ( f (x)) (modx!x) has degree(q!1.
By (3), ( f (x)) (modx!x) has degree(q!1.
By Hermite's criterion, f (x) is a permutation polynomial. 
Remark 1. For all p"6k#5, 2"1 in F

.
For all 3 m, 2"1 in F

.
Let p"3k#1 and 3 -m. Then 2"1 in F

if and only if 2"1
in F

.
For q,1 (mod9), we do not need to check uOv (mod3).
We always can choose u"1, and v"

or v"2

.
If 2 "1, then there are  (q!1) such permutation polynomials over
F

where  is Euler's -function.
Let (v, q!1)"

. Then x(x#1) is a permutation polynomial over F

if
and only if x(x#a) is a permutation polynomial over F

where a"1 in F

.
Using the approach of [5] we also can get Theorem 1.
Theorem 1 is a generality of [6].
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x (x#1), x (x#1), x(x#1), x(x#1),
x(x#1), x (x#1), x (x#1) and x(x#1)
are permutation polynomials over F

.
x (x
#1), x(x
#1), x (x
#1), x(x
#1), x (x
#1), x (x
#1),
x (x
#1), x (x
#1), x(x
#5), x (x
#5), x (x
#5), x(x
#5),
x (x
#5), x(x
#5), x (x
#5), x(x
#5), x (x
#25), x(x
#25),
x(x
#25), x (x
#25), x (x
#25), x (x
#25), x (x
#25) and
x(x
#25)
are permutation polynomials over F

.
x (x#1), x (x#1), x(x#1), x(x#1),
x(x#1), x(x#1), x(x#1), x(x#1),
x(x#1), x(x#1), x(x#1), x(x#1),
x(x#1), x(x#1), x(x#1), x(x#1),
x(x#1), x(x#1), x(x#1), x(x#1),
x(x#1), x(x#1), x(x#1), x(x#1),
x(x#1), x (x#1), x(x#1), x(x#1),
x(x#1), x(x#1), x(x#1), x(x#1),
x(x#1), x(x#1), x(x#1), and x(x#1)
are permutation polynomials over F


.
Denote a

"(5

)#(5

) in the real number "eld.
Then a

"!1, a


"2, a

"a

#a

. a

is one of the Fibonacci
sequence. Thus, a

is an integer for all n. We also have
a

a

"a

#(!1)a

, and a

"a

#(!1)2. (5)
316 LUYAN WANGLEMMA 5. ¸et n be an even integer. If n!2c,2, 3 (mod5), then
M(n, 5, c)"(2#a

)/5. If n!2c,1, 4 (mod5), then M(n, 5, c)"
(2!a

)/5. If n!2c,0 (mod5), then M(n, 5, c)"(2#2a

)/5.
Proof. By using mathematics induction and (1), similar to the proof of
Lemma 4. 
LEMMA 6. ¸et pO5 and I be the identity matrix. ¹hen

0 1
1 1
,I (modp)
if and only if a

"2.
Proof. It is easy to check for p"2. If pO2, let
¹"
2
1#5
2
1!5 .

0 1
1 1"¹ 


0
0


¹, and 
0 1
1 1
	"¹


0
0



	¹.

0 1
1 1
"I (mod p) holds if and only if 


0
0



"I holds
if and only if (


)"(

)"1 holds.
Suppose that (


)"(

)"1. Then a

"(

)#(

)"2.
Conversely, suppose that a

"(

)#(

)"2. Then

1#5
2 
!1
"
1#5
2 


1#5
2 
#
1!5
2 
!2"0.
Hence, (


)"1 and (

)"((

))"1. 
LEMMA 7. ¸et b

be a sequence in F

such that b

"b

#b

and

0 1
1 1
"I.
¹hen b

#c
	
"b

.
ON PERMUTATION POLYNOMIALS 317Proof. We know that

b

b

"
0 1
1 1 
b

b

, and 
b
	
b
	
"
0 1
1 1
	

b

b

.

b
	
b
	
"I	
b

b

"
b

b

 . 
THEOREM 2. ¸et 5  (q!1) and
f (x)"x(x#1)3F

[x],
where u and v are positive integers and (v, q!1)"

.¹hen f (x) is a permuta-
tion polynomial if and only if (u, 

)"1, v#2uO0 (mod5), 2"1, and
(


) #(

) ,2 (modp).
Proof. Let s"

. Since (v, q!1)"s, v"v

s for some positive integer
v

, 5 - v

, and v

,1 (mod 5). Thus,
us!v

uv"us!v

uv

s"s (u!v

u),s(u!u)"0 (mod5)
and cus!cv

uv,0 (mod 5). Thus, we have
( f (x)) (modx!x)"M(cs, 5,!cv

u)x#2. (6)
We also have
v#2u,v

s#2v

u"v

(s#2v

u) (mod5). (7)
Suppose that f (x) is a permutation polynomial.
By Lemma 1, (u, s)"(u, v, q!1)"1.
We know that 0"f (0)Of (1)"2. Hence, q is odd. By Hermite's criterion
( f (x)) (modx!x) has degree(q!1 for c"1, 2, 3, 4. By (6)
M (cs, 5!cv

u)"0 where c"1, 2, 3, 4. (8)
If v#2u,0 (mod5), by (7), s#2v

u,0 (mod5),
cs#c2v

u,0 (mod5) where c"1, 2, 3, 4. (9)
318 LUYAN WANGBy Lemma 5, (8), and (9),
2#2a

"0, (10)
2#2a

"0, (11)
and
2#2a

"0. (12)
By (5), (10), and (11), 4a

#8"4(a

#2)"4a

"(2)"2"!2a

.
We have
3a

"!4. (13)
Similarly,
3a

"!4. (14)
From (5) and (13),
9a

#18"9(a

#2)"9a

"16. (15)
From (14) and (15), we have 10"0 which is a contradiction. Thus, v#2uO0
(mod5).
Since 5s"q!1, s is even. For pO1 (mod5), since q!1,0 (mod5), 2 m,
$

3F

-F

. For p,1 (mod5), $

3F

-F

. Hence, (
$

)"1.
By Lemmas 6 and 7,
a

"a

. (16)
We also know that
2"2"1. (17)
Since v#2uO0 (mod5), by (7), 

#2v

uO0 (mod5).
We claim that
2"1 and a

"2. (18)
Case 1.
q!1
5
#2v

u,1, 4 (mod5). (19)
ON PERMUTATION POLYNOMIALS 319Then
2
q!1
5
#4v

u,2, 3 (mod5) and 4 q!1
5
#8v

u,1, 4 (mod5).
(20)
By Lemma 5, (8), (19), and (20),
2#a

"0, (21)
2!a

"0, (22)
and
2#a

"0. (23)
By (5), (21), and (22),
a

!2"a

"(2)"2"a

"a

#a

"2a

#a

.
We have a

"!1. By (5),
a

"a

#2"3. (24)
By (5), (22), and (23), a

!2"a

"(2)"2"!a

.
2"a

#a

"a

#a

#a

"2a

.
We have
a

"1. (25)
By (24) and (25),
4"a

#a

"a

#a

#a

"2a

.
We have
a

"2. (26)
By (25) and (26),
a

"a

!a

"!1. (27)
By (23) and (27), 2"1.
320 LUYAN WANGCase 2.
q!1
5
#2v

u,2, 3 (mod5). (28)
Then
2
q!1
5
#4v

u,1, 4 (mod5), and 4 q!1
5
#8v

u,2, 3 (mod5).
(29)
By Lemma 5, (8), (28), and (29),
2!a

"0, (30)
2#a

"0, (31)
and
2!a

"0. (32)
By (5), (30), and (31), a

!2"a

"(2)"2"!a

.
2"a

#a

"a

#a

#a

"2a

. We have a

"1
and
a

"a

#2"3. (33)
By (5), (31), and (32),
a

!2"a

"(2)"2"a

"a

#a

"2a

#a

.
We have
a

"!1. (34)
By (33) and (34), 2"a

#a

"a

#a

#a

"2a

.
We have
a

"1. (35)
By (32) and (35), 2"1. By (33) and (35), a

"a

!a

"2.
ON PERMUTATION POLYNOMIALS 321By (17) and (18), 2"(2)"1. By (5) and (18),
a

"a

"a

!2"2, and a

"a

"a

!2"2.
Conversely, suppose that (u, 

)"1, v#2uO0 (mod5), 2"1 and
(

) #(

) ,2 (modp).
By Lemma 2, 0 is the only root of f (x).
Since (u, 

)"1, by Lemma 3, ( f (x)) (mod x!x) has degree(q!1 for
all 

- t.
Since (

) #(

) ,2 (mod p), by Lemma 6,

0 1
1 1
"I (mod p).
By Lemma 7,
a

"a

"!1 and a

"a

"1. (36)
Since v#2uO0 (mod5) and (7),
q!1
5
#2v

uO0 (mod 5) and c q!1
5
#2cv

uO0 (mod5)
where c"1, 2, 3, 4.
By Lemma 5 and (36), M (c

, 5,!cv

u)"0 for c"1, 2, 3, 4.
By (6), ( f (x)) (modx!x) has degree(q!1 for c"1, 2, 3, 4.
By Hermite's criterion, f (x) is a permutation polynomial. 
Remark 2. For all p,3, 7, 9 (mod10), 2"1 inF

, and (

)#
(

),2 (mod p).
For all 5 m, 2"1 in F

, and (

)#(

),2
(modp).
Let p"5k#1, and 5 -m. Then 2"1 in F

if and only if 2"1
in F

, (

)#(

),2 (modp) if and only if (

)#
(

),2 (modp).
If 2"1 and (

)#(

),2 (mod p), then there are
2(q!1) such permutation polynomials over F

.
By (5), using 2 log

n integer multiplications we can get a

.
Let (v, q!1)"

. Then x(x#1) is a permutation polynomial over F

if
and only if x(x#a) is a permutation polynomial over F

where a"1 in F

.
322 LUYAN WANGEXAMPLES x (x#1) is a permutation polynomial over F

for u"1, 3,
5, 9, 11, 13, 15, 19, 21, 23, 25, 29, 31, 33, 35, 39, 41, 43, 45, 49, 51, 53, 55, 59, 61,
and 63.
x(x#1) is a permutation polynomial over F

for u"1, 3, 5, 7, 11, 13,
15, 17, 21, 23, 25, 27, 31, 33, 35, 37, 41, 43, 45, and 47.
x(x#1) is a permutation polynomial overF

for u"3, 5, 7, 9, 13, 15,
17, 19, 23, 25, 27, and 29.
x(x#1) is a permutation polynomial over F

for u"1, 3, 5, 7, 9, 11,
and 15.
x (x
#a), x (x

#a), x (x
#a), and x (x

#a)
are permutation polynomials over F

for (u, 130)"1 and a"1, 924, 1364,
2014, and 2199.
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